An alternative drag coefficient C d a ͓=F / ͑ 1 2 U ϱ 2 U ϱ T s ͔͒, is proposed for an isolated bluff-body wake, where F is the drag force on the body per unit length, U ϱ is the free-stream velocity, is the density of fluid, and T s is the vortex shedding period. Theoretical analysis presently conducted indicates that, while the conventional drag coefficient C d ͓=F / ͑ 1 2 U ϱ 2 d͔͒ may be interpreted as the intensity of the mean kinetic energy deficit distributed over the characteristic length of cylinder height d, C d a is the intensity of the mean kinetic energy deficit distributed over the characteristic length of the Karman vortex wavelength U ϱ T s . Therefore, C d a may be considered to be a drag coefficient with the characteristic length given by U ϱ T s , instead of d. As long as a bluff body is isolated, without energy exchange between the cylinder and its support, this drag coefficient is invariant, as confirmed by our experimental data as well as those in the literature, with respect to the bluff-body geometry, angle of attack, and Reynolds number, with a caveat of limited cases examined presently.
I. INTRODUCTION
A bluff-body wake is in general characterized by the Karman vortex street, irrespective of the cross-sectional geometry of bluff bodies. The flow-governing Reynolds number ͑Reϵ U ϱ d / , where d is the lateral dimension of the body, U ϱ is the free-stream flow velocity, and is the kinetic viscosity of fluid͒ is intrinsically connected to the Strouhal number ͑St͒, the drag coefficient ͑C d ͒, and the parameters describing the vortex street, e.g., the vortex formation length and the wake width. In general, a shorter vortex formation length or wider wake corresponds to a lower St and higher C d , and vice versa.
The definitions of St ͑=f s d / U ϱ ͒ and
where F is the drag force on a bluff body per unit length and is the density of fluid, have implicitly specified the crossstream width of the bluff body as the characteristic length and the free-stream velocity as the characteristic velocity, where f s is the vortex shedding frequency. Both St and C d depend on the cross-section geometry of the body and Re. Attempt has been made to find alternative characteristic length and velocity for the sake of searching for a universal St that does not depend on the body geometry and Re. A new Strouhal number St FG =StdЈ / d = f s dЈ / U ϱ is proposed in Ref.
͓1͔ and the St of several different cylinders collapsed to St FG = 0.28, where the characteristic length dЈ is the spacing between the shear layers. This Strouhal number is improved as St R =St FG U ϱ / U s = f s dЈ / U s in Ref. ͓2͔ and a value of 0.164 for the bluff bodies of different cross-sectional geometry was obtained, where U s is the flow velocity just outside the boundary layer at the separation point. The lateral separation h of the two vortex rows and the convection velocity U c of vortices are suggested as the characteristic length and velocity, respectively, in Ref. ͓3͔. In Ref. ͓4͔ , the lateral distance between the maxima of streamwise fluctuating velocity measured at the end of the vortex formation length is used as the characteristic wake width.
The data in the literature point to a correlation between C d and St. Inversely related St and C d in a circular cylinder wake for Re up to 10 5 was observed ͑see, e.g., Refs. ͓5,6͔͒. Decreasing C d accompanied by an increasing St in the wake of a circular cylinder was noted in Ref. ͓7͔ , as Re varied in the range of 50-300; a sudden increase in St was accompanied by a substantial drop in C d when Re was in the order of 10 5 , where the laminar-turbulent transition occurred in the boundary layer around the cylinder. This transition postponed flow separation and caused the wake width to shrink. For ReϾ 3 ϫ 10 6 , C d increased again and the formation of periodical turbulent wake structures restarted. The inversely related St and C d was reconfirmed in Ref. ͓8͔ . In spite of all these experimental observations, there has not been any theoretical analysis to connect St and C d and interpret physically their relationship. Furthermore, the determination of C d , which depends on many parameters such as the crosssectional geometry of bluff bodies, the angle of attack and Re, is important both fundamentally and practically. There has been so far no attempt to find an alternative definition of drag coefficient that could allow the drag coefficients of different bluff bodies, the angle of attack and Re to collapse to a single value. The issues motivate present theoretical analysis.
The analysis is compared with experimental data obtained presently as well as previously. The bluff bodies of four different cross-sectional geometries were examined ͑Fig. 1͒. Aerodynamically, two-dimensional bluff bodies can be divided into three categories: ͑i͒ bodies with sharp edges ͑e.g., square and triangular cylinders͒, where the flow separation point is fixed; ͑ii͒ bodies with continuous surface curvature ͑e.g., circular and elliptical cylinders͒, where flow separation may occur over a segment of the surface, depending on the surface condition, Re, etc.; ͑iii͒ bodies where flow separation occurs in a restricted range of the surface such as a square prism of rounded corners and a D-shaped cylinder. The three * Corresponding author: mmyzhou@polyu.edu.hk types of bodies are represented by the bodies shown in Figs. 1͑a͒ and 1͑d͒ and Fig. 1͑b͒ or 1͑c͒ , respectively.
II. DRAGS AND KINETIC ENERGIES IN THE WAKE

A. Theoretical consideration
Assume a long cylindrical bluff body with a characteristic height d subjected to a uniform incompressible incoming flow at a velocity U ϱ . Consider a control volume, A-A-AЈ-AЈ-A, of unit depth in the spanwise direction ͑Fig. 2͒. Although the energy input to the control volume is steady, the energy output from it consists of two components, namely, the energies carried by the mean ͑time-averaged͒ and fluctuating mass flow through AЈ-AЈ, respectively. Denote the mean kinetic energy input to and output from the volume of unit depth in the period T s of vortex shedding from the cylinder as K in m ͑=K in tot − K in t ͒ and K out m ͑=K out tot − K out t ͒, respectively, where the superscripts "tot," "m," and "t" stand for "total," "mean," and "turbulent," respectively; "in" and "out" denote input to ͑through A-A͒ and output from ͑through AЈ-AЈ͒ the volume, respectively. As the input flow through A-A is uniform and steady,
In a long cylinder case, the flow velocity in the near wake may be given by U = Ū + u, V = V + v and W = W + w = w in the streamwise ͑x͒, lateral ͑y͒, and spanwise ͑z͒ directions, respectively, where overbar denotes time averaging over T s and u, v and w are the fluctuating velocities. K in m can be calculated by integrating the velocity profiles across the wake, viz.,
where is the density of fluid, U ϱ is the mass flow rater per unit area, and 1 2 U ϱ 2 is the free-stream kinetic energy per unit mass. Similarly,
͑4͒
Based on the conservation of energy, the work done by the time-averaged drag in one vortex shedding period is given by
where F is the magnitude of time-averaged drag force per unit spanwise length but opposite in direction. Note that pressure energy is not considered here; its effects are negligible, as discussed later. K in m − K out m may be referred to as the mean kinetic energy deficit K d m in the wake, given by
where an asterisk stands for normalization by U ϱ . 
Note that
− Ū * w 2 * ͒dy is the summation of the dimensionless mean kinetic energy deficit across the wake. Therefore,
͒dy may be interpreted as the intensity of the mean kinetic energy deficit distributed over the cylinder height.
The normalized total kinetic energy deficit K d tot+ and turbulent kinetic energy deficit K d t+ can be similarly derived, viz.,
In Eqs. ͑8͒ and ͑9͒ the third order terms u 3 * , uv 2 * , and uw 2 * are very small, compared with u 2 * , v 2 * , and uv * ͓9,10͔, and therefore have been neglected. The negative sign on the right-hand side of Eq. ͑9͒ implies that the turbulent kinetic energy is generated in the control volume due to the presence of the cylinder ͑the integration is positive, as shown later͒. It is worth mentioning that K d m+ may also be calculated from the difference between K d tot+ ͓Eq. ͑8͔͒ and K d t+ ͓Eq. ͑9͔͒.
Combining Eqs. ͑7͒, ͑11͒, and ͑12͒, one obtains Based on Eq. ͑13͒, three different interpretations may be offered for C d . ͑i͒ C d is equal to the normalized mean kinetic energy deficit in the wake, or the intensity of aggregated mean kinetic energy deficit distributed over the lateral height d ͓see Fig. 3͑a͔͒ , which is an extension of the argument in Ref. ͓8͔ that C d is an indicator of how much energy is injected into the flow field. ͑ii͒ C d may be considered to be the ratio of work done by fluid on a cylinder of lateral width d to the kinetic energy carried by free-stream fluid passing through the same lateral width, indicating how much kinetic energy of incoming fluid impinging upon the cylinder is converted into work. ͑iii͒ C d is the ratio of the force induced on a cylinder to the free-stream dynamic pressure force on the cylinder height, indicating how much the cylinder blocks incident flow, thus generating the body surface pressure.
St is written as
suggests that St may be interpreted as the ratio of the characteristic height d of a bluff body to U ϱ T s , implying U ϱ T s is a characteristic length of the wake. U ϱ T s has been referred to as the vortex wavelength in the literatures ͑see, e.g., Refs. ͓8,11͔͒ based on an assumption that vortices shed from a towing cylinder translate little with respect to ambient fluid. The convection velocity of vortices in the near wake of a circular cylinder differs, though not greatly, from the free-stream velocity ͓12-14͔, that is, U ϱ T s is not exactly the same as the vortex wavelength. U ϱ T s is likely a more appropriate characteristic length than d; it reflects the influences on the wake, Re, the bluff-body geometry, etc., as well as the bluff body height. In view of the fact that C d may be interpreted as the intensity of aggregated mean kinetic en- ergy deficit distributed over the bluff body height d, an alternative drag coefficient C d a may be defined as the intensity of mean kinetic energy deficit distributed over U ϱ T s ͓Fig. 3͑b͔͒, instead of d, viz.,
states that C d a is equal to the product of C d and St. Furthermore,
Apparently, C d a is a drag coefficient based on the characteristic length U ϱ T s instead of d. While C d depends on many parameters such as the Reynolds number, and bluff body geometry and orientation, it would be interesting to know whether C d a is independent of these parameters.
B. Experimental details
Experiments were conducted in order to verify Eq. ͑15͒ and to see whether C d a depends on bluff body geometry. The wake was produced by four different generators, as shown in Fig. 1 . F was measured using a three-component quartz piezoelectric load cell ͑Kistler Model 9251A͒. The details of the load cell were introduced in Ref. ͓15͔. U ϱ was given by a standard Pitot-static tube, placed in the free stream and connected to an electronic micromanometer ͑Furness Control Limited, model FCO510͒. T s was determined by the signal from a single tungsten wire of 5 m in diameter, operated at an overheat ratio of 1.8 on a constant temperature circuit. The wire was placed at x / d = 2 and y / d = 1.5. Thus, C d a may be estimated based on Eq. ͑16͒. A two-component laser Doppler anemometer ͑LDA͒, i.e., Dantec Model 58N40 with an enhanced FVA signal processor, was used to measure the mean velocities ͑Ū , V , and W ͒ and their fluctuating components ͑u, v, and w͒ across the wake at x / d =2. 5, 4, 5, 6, 8, 10, 15, 20, 30, 40 . The coordinate system ͑x , y , z͒ has already been defined in Fig. 2 . The measuring volume formed by intersecting laser beams was elliptic with a minor axis of 1.18 mm and a major axis of 2.48 mm. The lateral increment between two data points was 0.5 mm or about 0.04d. Experiments were carried out in a closed circuit wind tunnel with a square working section ͑0.6 m ϫ 0.6 m͒ of 2.4 m in length. Measurements were conducted at Re͑ϵU ϱ d / ͒ = 2600. The turbulence intensity of the wind tunnel is less than 0.4%. More details of the tunnel were given in Ref.
can all be estimated from LDA measured data. The experimental uncertainties are estimated to be within 1% for Ū , V and 3% for u 2 , v 2 , w 2 , and uv.
III. RESULTS AND DISCUSSION
A. Independence of C d a from bluff body geometry
The measured C d is 2.0, 1.7, 1.45, and 1.2 for r / d =0, 0.157, 0.236, and 0.5 ͑Fig. 1͒, respectively, and St is 0.128, 0.15, 0.18, and 0.21, respectively. The corresponding C d a is 0.256, 0.255, 0.26, and 0.25, respectively. Figure 4 presents the dependence of K d
The quantities show little dependence on the cross-sectional geometry of the bluff body. The mean kinetic
͓Fig. 4͑b͔͒ is essentially independent of x / d, within experimental uncertainties, implying a negligible energy loss due to viscous dissipation, and reconfirming that the energy dissipation is very small compared to the total kinetic energy generated in the wake ͓8͔. remains approximately unchanged at different x / d. It seems plausible that the transform from the pressure energy to the kinetic energy or vice versa is only weakly dependent on x / d and the body geometry. The mean pressure distribution along the centerline in a square-cylinder wake measured experimentally ͓17,18͔, suggested that the rate of the pressure recovery along the wake centerline be almost the same as that of the velocity recovery ͑see also Refs. ͓19-21͔. For instance, at x / d = 5, the pressure recovery was about 63ϳ 69 % ͓17,18͔, while the velocity recovery is about 63% at Re= 73.3 ͓20͔, 73% at Re= 360 ͓21͔, 71% at Re= 2600 ͓19͔, and 68% at Re= 6000 ͓22͔.
B. Independence of C d a from Re
Flow behind a bluff body and hence C d and St may depend on Re. It should be emphasized that Eq. ͑15͒ is derived for an isolated cylinder wake, that is, C d St is invariant on condition that a cylinder is isolated, without energy exchange between the cylinder and its support. C d St in a cylinder wake varied as the base pressure parameter K changed from 1.3 to 1.8. K is given by ͑1−C pb ͒ 1/2 , where C pb is the base pressure coefficient ͑see, Refs. ͓3,4͔͒. This change in K was caused by placing a splitter plate to/near the cylinder, or applying a base bleed, or forcing the cylinder to oscillate ͓30͔. The drag on the splitter plate was not included in C d or C d St in Refs. ͓3,4,30͔; the extra energy input for base bleeding or forcing the cylinder to oscillate was not considered in Refs. ͓3,4͔. All these contributed to a change in
in Eq. ͑15͒, thus causing the apparent variation in measured C d St. On the other hand, C pb was found to vary from −0.48 at Re= 50 to −1.38 at Re= 1.5ϫ 10 5 in an isolated circular cylinder wake ͑see Fig. 8͒ , the corresponding K increasing from 1.21 to 1.54. In an isolated square cylinder wake, C pb is −1.65 at Re= 4.7ϫ 10 4 ͓32͔ and the corresponding K is 1.63. However, the data in Figs. 5 and 6 indicate that C d a is essentially unchanged over this range of Re or K. Unlike C d , C d a does not depend on the bluff-body geometry, orientation, and Reynolds number given an isolated cylinder without energy exchange between the cylinder and its support, which is at least valid for the limited cases examined presently. Following Eq. ͑13͒, C d and the kinetic energy deficit in the wake are directly related. This deficit and the wake width are further connected with each other. The wake width dЈ is generally defined as the transverse separation between the two free shear layers in the wake ͑e.g., Refs. ͓33,34͔͒. An alternative definition of this width is the transverse separation between the two peaks in the isocontours of the root mean square ͑rms͒ streamwise velocity in the wake ͓4,35,36͔.
Karman ͓37͔ proved analytically that, given a twodimensional invicid flow, a two-row point vortex street would be stable only if h / a = 0.28, where h is the lateral spacing between the two rows of vortices and a is the longitudinal spacing between two successive vortices in each row. This condition, i.e., h / a = 0.28, coincided with Karman and Rubach's ͓38͔ experimental data obtained in a circular cylinder wake. Benard ͓39͔ found based on his measurements that h / a varied over a wide range, i.e., 0.08-0.6, for different cross-sectional geometries of bluff bodies. Hooker's ͓40͔ model demonstrated that, with the effect of vortex diffusion considered, h varied and hence h / a was no longer a constant. With h, dЈ, and a measured, Fage and Johansen ͓1͔ showed again experimentally that h / a was not constant and dependent on the cross-sectional geometry of a bluff body; they obtained h / a = 0.19, 0.23, 0.29, 0.31, and 0.3 for flat plate, circular cylinder, wedge, ogival, and extended ogival, respectively. However, dЈ / a was approximately a constant, about 0.36, for the bluff bodies examined, viz.,
where C 1 is a constant, 0.36. Apparently, a may be expressed as U c T s , where U c is the convection velocity of vortices as defined in introduction. Previous studies indicate that, though increasing very slowly with x / d, U c is almost constant, regardless of Re and the cross-sectional geometry of a bluff body, as illustrated in Fig.  9 and Table I .
Based on the data in Fig. 9 and Table I , if we choose U c / U ϱ at x / d =3-10 as a reference, viz.,
Combining Eqs. ͑17a͒ and ͑17b͒ yields
where C = 1 C 1 C 2 Ϸ 3.47. Equation ͑17c͒ is fully consistent with Fage and Johansen's ͓1͔ experimental observation for different bluff bodies that T s is directly proportional to dЈ.
The fact that U ϱ T s and dЈ are directly connected, as shown in Eq. ͑17c͒, is perhaps owing to a physical connection between T s and the bluffness of the wake generator. This bluffness directly affects the trajectory of the separating shear layer, which resembles very much to that of a projectile tossed at an angle with respect to the earth surface. For a given initial velocity, the flying time or the maximum height of the projectile grows with the increasing angle ͑up to 90°͒. Similarly, a bluffer body produces a larger lateral deflection of the separating shear layer and hence a larger dЈ or T s . It seems plausible to consider or define dЈ or U ϱ T s as a virtual wake width or the virtual width of a bluff body. Apparently, U ϱ T s is much easier to measure than dЈ, that is, U ϱ T s is preferred to dЈ as a characteristic length.
The approximate constancy of C d St may be deduced from the relationship between C d and a for a potential flow with artificial potential point vortices in the wake. Using the stability criterion for a two-dimensional inviscid flow and potential point vortices, Karman ͓37͔ obtained
Replacing a in Eq. ͑18a͒ by U c T s yields
Rearranging Eq. ͑18b͒, viz., Rewriting Eqs. ͑12͒ and ͑16͒, viz.,
Unlike C d with d used as a length scale, C d a is normalized based on the virtual wake width ͑or the virtual width of a bluff body͒, i.e., U ϱ T s . The drag coefficient under this length scale collapses for different wake generators ͑Figs. 4-7͒.
It is worth mentioning that Fage and Johansen ͓1͔ defined Strouhal number St FG based on dЈ, viz.,
St FG collapsed approximately to 0.28 for different crosssectional geometries ͑i.e., flat plate, cylinder, wedge, ogival, and extended ogival͒ of the wake generator. Noting Eq. ͑17c͒,
which is the same as Fage and Johansen's ͓1͔ observation. It may be concluded that, with the virtual wake width U ϱ T s defined as a characteristic length scale, both drag coefficient and Strouhal number collapse for different wake generators.
IV. CONCLUSIONS
The physical relationship between an alternative drag coefficient C d a and the mean kinetic energy deficit has been examined both analytically and experimentally. While C d may be interpreted as the intensity of the normalized mean kinetic energy deficit distributed over the length of cylinder height, C d a is the intensity of the mean kinetic energy deficit when distributed over the length of the Karman vortex wavelength ͑U ϱ T s ͒, and therefore may be referred to as a drag coefficient calculated on the length scale of U ϱ T s instead of d. Provided that a bluff body is isolated, without energy exchange between the cylinder and its support, this drag coefficient is invariant of the bluff-body geometry, orientation, and Reynolds number, with a caveat of limited cases examined presently.
